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Abstract-Depending on its cross-sectional geometry, a ring can be modelled by at least three
different theories. Kirkhope developed a simple ring theory which is applicable to out-of-plane
vibrations of rings with small cross-sectional aspect ratio (i.e. compact rings and shell-like rings).
For plate-like rings, the present analysis uses a Levinson-type plate theory to analyze the out-of­
plane vibrations. Also, a three-dimensional finite-element analysis using NASTRAN shows better
agreement than rcsulls of Kirkhope's ring theory and Mindlin's thick plate theory.
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coefficients in the general solution of Wh W2, W3

outer radius
radial thickness
out-of-plane bending stiffness = Eh 3/[12(1 _v2)]

elastic and shear moduli
functions defined in eqns (37) and (38)
parameters defined in eqns (30)
axial thickness
mass moment of inertia about midplane = ph 3/12
modified Bessel functions of the first and second kind
Bessel functions of the first and second kind
bending and twisting stress couples
circumferential wave number
plane-stress reduced stiffness = E/(I _v2

)

transverse shear stress resultants
radius of ring cross section
centroidal radius of ring cross section
time
generalized displacements
displacement parameters introduced in eqns (42)-(44)
z-direction displacement
uncoupling displacement potentials
dimensionless versions OfWh W2, W3, normalized by radius a
Cartesian coordinates
Laplacian operators with respect to dimensional and dimensionless coordinates (normalized by
radius a)
shear and normal strains
nondimensionalized radius (rIa)
angular dimensional variable
uncoupled dimensionless eigenfrequencies; see eqns (33)
Poisson's ratio
indicator functions defined in eqns (37) and (38)
normal and shear stresses
higher-order displacement parameters
bending slopes
nondimensionalized frequency, wh.J(pIG)
eigenfrequency.

1. INTRODUCTION

Rings have long been widely used as structural elements and hence have attracted engin­
eering interest. For rings with material and geometric symmetry with respect to the centroidal
plane, the in-plane and out-or-plane modes are uncoupled. The in-plane modes or thick
rings were analyzed most recently by Gardner and Bert[l] who generalized the approach
or Levinson's straight beam theory[2]. For out-or-plane modes, the present research pro­
vides an analytical solution using the dynamic version or Levinson's plate theory[3] and a
three-dimensional finite-element solution.
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The classical theory for out-of-plane motion of thin rings can be traced back to the
work of Michell[4] in 1890 and Love[S] in 1899. The improved theories taking into account
transverse shear deformation and rotatory inertia were pioneered even earlier by Bresse[6]
in 1859, and followed by Timoshenko[7, 8] in 1921-22. Other notable studies include the
contributions of Hammond and Archer[9] and Rao[IO]. Experimental studies have also
been carried out by Peterson[ll] and by Kuhl[12]. Recently, Kirkhope developed a very
simple yet accurate theory[13].

A similar hierarchy exists in the plate theories. Various theories were introduced to
remedy the deficiencies of the classical thin plate theory due to Germaine and Lagrange.
Reissner[14, IS] and Mindlin[16] made notable attempts to include transverse shear defor­
mation. A more realistic transverse shear strain distribution was obtained in the theories
of Ambartsumyan[17], Reissner[18, 19] and Levinson[3]. In the present paper, a Levinson­
type plate theory is derived to analyze the out-of-plane dynamics of thick rings.

With careful modelling practices, the state-of-the-art finite-element methods can be
used as an engineering tool for numerical modal experiments. For very thin rings, curved
beam elements in the work of Sabir and Ashwell[20] and Davis et al.[21] can be employed.
Notable plate and shell elements were developed by Anderson et al.[22] and Clough and
Wilson[23], respectively. However, to analyze the relatively thick rings, a three-dimensional
continuum model is preferred, since it is easy to use and inherits no deficiency from the
engineering theories mentioned above.

Depending upon the cross-sectional aspect ratio, rings can have the attributes ofcurved
beams, thick annular plates, or short cylindrical shells. They can be analyzed with different
engineering theories accordingly. Kirkhope's work[13] is appropriate for compact and shell­
like rings. Yet for rings of medium aspect ratio such as considered in Ref. [I], the Levinson­
type plate theory shows better agreement with a rigorous finite-element analysis using
NASTRAN[24] which further agrees both accurately and consistently with experimental
results for the in-plane modes and some other cases considered by Kirkhope[13].

2. ANALYSIS USING LEVINSON-TYPE PLATE THEORY

All three of the displacements have to be considered due to twisting which does not
appear in in-plane analysis. Strains and stresses are obtained and then integrated through
the thickness to yield the stress resultants. Applying force equilibrium on an infinitesimal
element gives the governing differential equations which can be uncoupled by defining three
potential functions appropriately. Finally, the frequency equation is obtained by applying
free-free boundary conditions.

The circular ring considered has a rectangular cross section and is free on all bound­
aries. Other assumptions are as follows:

I. The material is homogeneous, linearly elastic, and isotropic.
2. The strain-displacement relations are linear (i.e. displacements are small).
3. Transverse normal strain is negligible.
4. No body forces are present.

To impose a parabolic distribution of transverse shear strain, the in-plane displacements
can be assumed to be cubic. Using Hypothesis 3, the three rectangular-coordinate dis­
placements are approximated by:

4z3

U(x,Y,z,t) = z'PAx,Y,t) - 3h 2 <1>Ax,y,t)

4z 3

V(x,y, z, t) = z'Py(x,y, t) - 3h 2 <l>y(x,y, t)

W(X,y, z, t) = w(x,y, t).

(I)

(2)

(3)
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The transverse shear strain components vanish at the upper and lower surfaces:
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Y". = V.+ W" = 'P" - -, <1>"+11',, = 0.• ,- '. . h-' '.

Thus,

Similarly,

Accordingly, the strains can be derived as:

II
at z = ± 2'

(4)

(5)

( 4Z2)
Y,x = U,,+ W,x = I - h2 ('Px+W,x)

Generalized Hooke's law together with the condition cr, = 0 requires that:

(6)

(7)

(8)

(9)

(10)
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(12)

(13)

The generalized forces are defined as:

(14)

SAS 21:J-L

(15)
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Integrating the left-hand sides of the stress equilibrium equations gives the generalized force
equilibrium equations as follows:

Then

f
l"

,- =(<Jx.x+rxy.y+rx:.:-PU.rr) dz = 0
-hi2

Qx.x + Qy.y = phw.lt .

(16)

(17)

(18)

(19)

(20)

(21)

Substituting eqns (14), (15) in eqns (19), (20), (21) yields the governing differential equations
in terms of the generalized displacements:

(
1- v 1+V J 2 ) 5Gh 1

D 'Px,xx + -2- 'Px,n' + -2- 'Py,X}' - 4V W.X - 6 ('Px+ w,x) = I'PX,/{ - 4Iw,xlt

(
1+v 1-v 1 2 ) 5Gh 1

D -2-'PX,XY + -2-'Py,xx+'Py,}.y - 4V w..v - T('Py+w,y) = I'Py,1t - 4Iw..vlt

2G 23"' ('P.<.x + 'Py,... +V w) = PW. It •

(22)

(23)

(24)

It is noted that the differences between the above equations and Reissner-Mindlin theory
are the presence of the underlined terms and the doubly underlined 2G/3 instead of SG/6.

To uncouple eqns (22), (23), (24), three potential functions similar to those in [16] are
defined as follows:

W = (WI + W2) cos WT.

(25)

(26)

(27)
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Substituting the above equations in eqns (22), (23), (24) gives

[
2 (1m 2 5Gh9 ) ]

+D(g-1.25) VW2+ n-6(g-1.25)D W2 ,x

1- v [ 2 2 (1m 2 5Gh) ]+ --- D V "'3 + - -- - - W3 = 0
2 I-v D 6D ,y

and

To make eqns (28), (29) consistent, f and 9 are defined as:

J( 2400(1- V))

{
f} = (l7-5v)± (7+5v)2 + 02

9 ( 10)8(1-v) 1- 02

Then the three uncoupled equations of motion are
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(28)

(29)

(30)

(i = 1,3) (31)

(32)

where A,,, A,2' and A,3 can be seen as the dimensionless natural frequencies of the three
uncoupled displacements (w" W2 and W3) and can be expressed in terms of the dimensionless
frequency 0 as

For circular rings, appropriate solutions can be expressed in terms of Bessel functions
as follows:

(34)

(35)

(36)

where

For thick plates, the appropriate free-free boundary conditions are Qr = M r = M rB = O.
To simplify the algebra, take () = 0°. So Qx = M xy = M x = 0 at (x = a, b, y = 0 or
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I] = bfa, I). Then, the resulting six equations comprise an eigenvalue problem as follows:

A I [fA IF'I (1'11])] + A 2[fi,) F;(i. I 1])] + A 3[gi· 2F'3 (i. 21])] +A 4[g)'2F~(A,21])]

+As[~Fl()'31])J+A6[~F2()'31])J = 0 (39)

[
nA). J [ nAt ]AI (2f-2.5)~F')(/"I]) +A 2 (2f-2.5)~F;(A,21])

[
n)'2 ] [ n)'2 J+A 3 (2g-2.5)~F3(A,21]) +A 4 (2g-2.5)~F~(A,21])

+As[~~F';(A,31]) + ~:FI(A,31])J+A6[A~F'i(A31]) + ~:F2(A31])J:;:: 0 (40)

[
m2 ] [ vn

2
]A I (f- 1.25) A,TF';(A21]) - -;rFI(A,I]) +A 2(f-1.25) A,TF'i(AII]) - -;r F2(A, ,I])

+ A 3 (g - 1.25) [ A,~F3(A'21]) - V;22 F3(A,21])J+ A4(g- 1.25) [ A,~F~(A,21]) - vI]n2

2
F4(). 21])J

The corresponding 6 x 6 matrix does not take any of the standard forms and hence
cannot be solved by matrix methods. Also, the expanded determinant is both implicit and
complicated algebraically in terms of n2

, a characteristic that calls for a direct equation
solving algorithm such as binary division, etc. The FORTRAN program developed first
calculates the coefficients in which the values of the Bessel functions and their derivatives
are calculated by some IMSL subrouti'nes[26] and recursive formulas[27]. Then Gauss
elimination is employed to obtain the determinant which in turn is taken as the dependent
function value in the equation solving subroutine.

3. ANALYSIS USING THE FINITE-ELEMENT METHOD

The physical ring analyzed here is compact as shown in Fig. I. To model it, a twenty­
node isoparametric solid element HEXA[24], has been chosen in MSC/NASTRAN. The

Fig. l. Out of plane mode shapes: (a) mode 2, (b) mode 3, (c) mode 4, (d) mode 5.
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Fig. I-continued
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outputs from a FORTRAN preprocessor are merged to other card decks to formulate input
to NASTRAN. The in-plane and out-of-plane modes can be identified easily with the aid
of the plotted mode shapes.

A FORTRAN program is used to generate all the nodes, connectivity and multiple
constraint conditions.

Each node has three translational degrees of freedom. The model shown has
41 x 24 == 984 nodes and hence 984 x 3 == 2952 degrees of freedom.

Since the three displacements can be expressed as:

U(r, 0, t, I) == u(r, z) cos nO cos wi

V(r, 0, z, I) = v(r, z) sin nO cos wi

W(r, 0, z, I) = w(r, z) cos nO cos wt

(42)

(43)

(44)

the three-dimensional model can be fully specified by a two-dimensional fictitious field
which has been chosen arbitrarily as the cross section of 0 == 0°. In this planar region there
are 20 nodes, so the number of degrees of freedom is reduced to 29 x 3 == 87 which is only
2.95% of that of the original model. This reduction is incorporated by the MPC (multiple
point constraint) cards generated by the FORTRAN preprocessor mentioned above.

4. NUMERICAL RESULTS AND DISCUSSION

The geometric parameters of a thick ring with rectangular cross section are bjR and
the aspect ratio bjh. The accuracy of different methods for different rings is illustrated with
several examples. See Tables 1 and 2 for material properties and physical dimensions,
respectively.

First, consider two steel rings both with bjh == I but having bjR == 0.479 and 0.75,
respectively. The experimental, classical thin-ring theory, and Kirkhope-theory data are
taken from [13]. Classical solution gives errors well exceeding 100% while the Kirkhope­
theory errors are remarkably small, as shown in Tables 3 and 4. The Levinson-type thick­
plate theory errs least at mode three but is not applicable for this small an aspect ratio.
The percentage error of the finite-element result is medium but consistent both in sign and
magnitude.

The second case considered is a series of rings with the same outer radius a = 9.375
in. and radial thickness b == 1.063 in. Also, they can be considered thin radially
(bjR == 0.113). The axial thickness varies from 0.625 to 3.5in. (bjh == 1.7-0.3). Kirkhope's

Table I. Material properties used in subsequent calculations

Material

Steel
Aluminum

Elastic
modulus, psi

30.0 x lot'
10.1 x J06

Poisson's
ratio

0.29
0.333

Density
Ib-sec2lin. 4

7.33 x 10-"
2.59 x 10-4

Tables in
which used

2-4
5

Table 2. Physical dimensions or rings considered in subsequent tables

Table
3 4 5 6, 7

Outer radius, a (mm) 1.772(45.00) I.772(45.00) • 4.50(114.3)
Radial thickness. b (mm) 0.685(17.13) 0.967(24.6) • 1.50 (38.1)
Axial thickness, h (mm) 0.685(17.13) 0.967(24.6) 1.00 (25.4)

• Numerous values are used in Table 5, and they are presented in that table.
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Table 3. Natural frequencies corresponding to out-of-plane modes of rectangular-cross-
section steel ring (blh = I, blR = 0.479)

Mode Experimental, Classical Levinson FEM
No. Kuhl[12] thin Kirkhope plate (NASTRAN)
(n) (Hz) (% error) (% error) (% error) (% error)

2 2605 212 0.00 23.0 - 1.9
3 7330 218 0.04 15.8 -4.4
4 13,750 227 0.25 3.5 -1.6
5 21,450 240 0.46 -8.0 -2.2

Table 4. Natural frequencies corresponding to out-of-plane modes or rectangular-cross-
section steel ring (blh = I, bjR = 0.75)

Mode Experimental, Classical Levinson FEM
No. Kuhl[12] thin Kirkhope plate (NASTRAN)
(n) (Hz) (% error) (% error) (% error) (% error)

2 6620 113 2.54 47.4 -14.3
3 16,790 141 3.80 24.0 -15.8
4 28,700 172 4.04 -4.8 -8.6
5 41,200 207 4.66 9.6 -14.1

Table 5. Natural frequencies corresponding to out-or-plane mode or rectangular-cross­
section steel rings

(0 = 9.375 in., h = 1.063 in., n = 2)

Experimental, Classical FEM
h Peterson[ll] thin Kirkhope (NASTRAN)

(in.) (Hz) (% error) (% error) (% error)

0.625 200 3.0 - 1.0 -1.5
1.500 420 6.5 -0.5 -1.2
2.500 575 24.9 -1.2 -2.1
3.500 640 54.5 -0.8 -1.4

(0 = 9.375 in., b = 8.063 in., n = 2)

Classical Levinson FEM
h thin Kirkhope plate (NASTRAN)

(in.) (Hz) (Hz) (Hz) (Hz)

0.625 374 361 355 358
1.500 891 848 839 834
2.500 1459 1354 1328 1325
3.500 2000 1795 1756 1749

Table 6. Natural frequencies corresponding to out-or-plane modes or rectangular-cross-section
aluminum ring (bjh = 3, bjR = I)

Mode Classical Kirkhope Mindlin Levinson FEM
No. thin simplified Kirkhope plate- plate- (NASTRAN)-
(n) (Hz) (Hz) (Hz) (Hz) (Hz) (Hz)

2 13,674 12,959 12,355 11,274 10,955 11,353
3 39,217 36,248 31,357 17,363 18,868 16,423
4 75,636 68,750 53,184 22,488 22,783 21,331
5 122,676 109,447 76,181 26,949 26,678 25,970

- Calculated in the present investigation.
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theory and the finite-element method show good results compared to Peterson's exper­
imental results[l I], while the classical theory accumulates large errors with large bs, as can
be seen in Table 5 (top). Since the rings considered are not plate like, another series of
fictitious rings with the same dimensions except that b = 8.063 in. (b/R = 1.42) are
considered. Here, the results by Levinson's and Kirkhope's theories and the finite-element
method are very close. Again, the classical theory gives higher predictions. See Table 5
(bottom).

The aluminum ring, the in-plane modes of which were studied in [I], is specified by
b/h = 3 and b/R = I and is more like an annular plate. For the out-of-plane modes, the
eigenfrequencies calculated with various methods are listed in Table 6. Figure I shows the
mode shapes for modes 2 through 5. Since the ring cross section is very compact, the
classical solutions are expected to be too high. Kirkhope's theories show little decrease.
Also, nearly the same result as that of the classical solution is found in the table of the paper
by Irie et a/.(25], which is based on Mindlin's plate theory. Since their table covers up to
the second mode only, no comparison for higher modes is available and its validity is
subjected to doubt. The Levinson-type plate theory and the finite-element method give
substantial reduction and match well with each other.

This problem was solved herein using Mindlin plate theory and essentially the same
methodology as for the Levinson-type plate theory. These results differ from the result (for
one mode only) given in (25] and are presented in Table 5.

5. CONCLUDING REMARKS

Engineers like inexpensive but reasonably accurate methods. Among the various
theories mentioned above, classical theory is the easiest but yet most inaccurate one.
The opposite is the elasticity theory. Combining the results, some suggestions can be
made as follows:

I. For plate-like rings, Levinson-type plate theory predicts good eigenfrequencies and a
more realistic strain profile.

2. For other compact rings, Kirkhope's theories are good.
3. The finite-element method can be used as a verification with good accuracy and reason­

able prices (nearly ten minutes of CPU time ofNASTRAN on IBM 370 for four modes).
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